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In this paper, steady 2-D MHD free convective boundary-layer flows of an electri-
cally conducting nanofluid over a non-linear stretching sheet taking into account 
the chemical reaction and heat source/sink are investigated. The governing equa-
tions are transformed into a system of non-linear ODE using suitable similarity 
transformations. Analytical solution for the dimensionless velocity, temperature, 
concentration, skin friction coefficient, heat and mass transfer rates are obtained 
by using homotopy analysis method. The obtained results show that the flow field 
is substantially influenced by the presence of chemical reaction, radiation, and 
magnetic field.
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Introduction
The concept of a nanofluid has been advanced by Choi [1] who showed substantial 
augmentation of heat transported in suspensions of copper or aluminum nanoparticles in water 
and other liquids. Nanofluids are a new kind of fluid. They are dispersions of nanoparticles 
in liquids that are permanently suspended by Brownian motion. By using different solvents 
and particles we hope to create composite fluids of widely variable and perhaps completely 
new properties. The heat transport properties of nanofluids depend on the thermal properties, 
concentration size and shape of suspended nanoparticles. A nanofluid is a more or less uniform 
dispersion of solid particles with small diameters measured in nanometers. A large number of 
experimental and theoretical studies have been carried out by numerous researchers on thermal 
conductivity of nanofluids [2, 3]. A comprehensive survey of convective transport in nanofluids 
has been employed by Buongiorno [4], who gave a satisfactory explanation for the abnormal 
increase of the thermal conductivity. Buongiorno and Hu [5], studied on the nanofluid coolant 
in advanced nuclear systems. 
It is now well accepted fact that the terms MHD, thermal radiation and heat generation 
extensively appear in various engineering processes. The MHD is significant in the control of 
boundary-layer flow and metallurgical processes. Again the thermal radiation and heat gener-
ation possessions may arise in high temperature ingredients processing operations. Ingredients 
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may be intelligently designed therefore with judicious implementation of radiative heating to 
produce the desired characteristics. This recurrently occurs in agriculture, engineering, plasma 
studies, and petroleum industries. Numerous flow complications under different aspects have 
been considered by the several scholars.
Vajravelu and Hadjinicalaou [6] scrutinized the heat transfer characteristics over a 
stretching surface with viscous dissipation in the presence of internal heat generation or ab-
sorption. The effect of radiation on convective heat transfer problems have been examined by 
a number of researchers using principally algebraic approximations for the radiative transfer 
simulation. Takhar et al. [7] employed a differential non-gray gas approximation to study non-
linear gas dynamics in a permeable material. Seddeek [8] evaluated the effects of radiation and 
variable viscosity on hydromagnetic convection flow with an aligned magnetic field using a 
numerical method and a flux approximation for radiation. Free convection flow of a nanofluid 
over a linearly stretching sheet in presence of magnetic field has been studied by Hamad [9]. 
Habibi et al. [10] analyzed the MHD flow of nanofluid over a non-linear stretching sheet with 
effects of viscous dissipation and variable magnetic field. Very recently a number of studies 
of MHD boundary-layer fluid flow with the effects of thermal radiation and nanofluid were 
reported in the literature [11-17]. Heat and mass transfer problems with a chemical reaction 
have received a considerable amount of attention in recent years. In processes such as drying, 
evaporation, energy transfer in a cooling tower and the flow in a desert cooler, heat and mass 
transfer occur simultaneously. Anwar et al. [18] studied the conjugate effects of heat and mass 
transfer of nanofluids over a non-linear stretching sheet. Khan and Pop [19] studied bound-
ary-layer heat-mass transfer free convection flows also in porous media of a nanofluid past a 
stretched sheet. Shakhaoath et al. [20] analyzed the boundary-layer nanofluid flow with MHD 
radiative possessions. Chamka [21] studied the MHD flow over a uniformly stretched vertical 
permeable surface subject to a chemical reaction. Afify [22] analyzed the MHD free convective 
flow and mass transfer over a stretching sheet with a homogeneous chemical reaction of order n 
(where n was taken to be 0, 1, 2 or 3). Chemical reaction effects on MHD heat and mass transfer 
flow of nanofluid near the stagnation point over a permeable stretching surface in presence of 
heat source was carried out by Gireesha and Rudraswamy [23]. Olanrewaju and Makinde [24] 
reported a numerical solution for the combined effects of thermal diffusion and thermo diffusion 
on chemically reacting MHD boundary-layer flow with heat and mass transfer past a moving 
permeable surface.
 Homotopy analysis method (HAM), proposed by Liao [25], is a very powerful 
method and has been employed by numerous researchers in various physical phenomena [26, 
27]. In this paper, we extend the results of the model presented by Poornima and Bhaskar 
[13] for chemical reaction and heat source/sink. We shall apply HAM to solve the similarity 
equations obtained from the governing boundary-layer equations with the help of similarity 
transformations. 
Mathematical formulation
A steady 2-D boundary-layer flow of an incompressible electrically conduct-
ing and radiating nanofluid past a stretching surface is considered under the assump-
tions that the external pressure on the stretching sheet in the x-direction is having dilut-
ed nanoparticles. The x-axis is taken along the stretching surface and y-axis normal to 
it. A uniform stress leading to equal and opposite forces is applied along the x-axis so that 
the sheet is stretched, keeping the origin fixed. The stretching velocity is assumed to be 
Uw(x) = U0xm where U0 the uniform velocity is and m (m ≥ 0) is a constant parameter. The fluid 
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is considered to be a gray, absorbing emitting radiation but non-scattering medium. A uniform 
magnetic field is applied in the transverse direction to the flow. The fluid is assumed to be 
slightly conducting, so that the magnetic Reynolds number is much less than unity and hence 
the induced magnetic field is negligible in comparison with the applied magnetic field. Also, 
there is chemical reaction between the diffusing species and the fluid. Employing the Ober-
beck-Boussinesq approximation, the governing equations of the flow field can be written in the 
dimensional form as [10-13]:
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where u and v are the velocity components in the x- and y-directions, respectively, g – the accel-
eration due to gravity, µ – the viscosity, ρf  – the density of the base fluid, ρp – the density of the 
nanoparticle, βT – the coefficient of volumetric thermal expansion, βc – the coefficient of volu-
metric concentration expansion, T – the temperature of the nanofluid, C – the concentration of the 
nanofluid, Tw– the temperature along the stretching sheet, Cw – the concentration along the stretch-
ing sheet, T∞ – the ambient temperature of the nanofluid, C∞ – the ambient concentration of the 
nanofluid, DB – the Brownian diffusion coefficient, DT – the thermophoresis coefficient, B0 – the 
magnetic induction, qr – the radiative heat flux, (ρc)p – the heat capacitance of the nanoparticles, 
(ρc)f – the heat capacitance of the nanofluid, α = k /(ρc)f – the thermal diffusivity parameter, 
k – the thermal conductivity, τ = (ρc)p /(ρc)f  – the ratio between the effective heat capacity of the 
nanoparticles material and heat capacity of the nanofluid, Q’ – the coefficient of heat generation 
parameter, and k1 – the rate of chemical reaction parameter.
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By using the Rosseland approximation [14-17, 20], the radiative heat flux, qr, is given by:
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where σs is the Stephen-Boltzmann constant and ke – the mean absorption coefficient. It should 
be noted that by using the Rosseland approximation, the present analysis is limited to optically 
thick fluids. The temperature difference within the flow is assumed to be sufficiently small, then 
T 4 in eq. (7) can be easily linearized about T∞ to give T 4 ≅ 4T 3∞ – 3T 4∞. Invoking eqs. (7) and 
(3) gets modified:
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Using the steam function ψ = ψ(x, y), the velocity components u and v are defined as 
u = ∂ψ/∂y, ν = –∂ψ/∂x. Assuming that the external pressure on the sheet, in the direction having 
diluted nanoparticles, to be constant, the similarity transformations is taken:
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In view of the similarity transformations, the eqs. (2)-(4) are reduce to:
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where λ is the buoyancy parameter, δ – the solute buoyancy parameter, Pr – the Prandtl num-
ber, Le – the Lewis number, n – the kinematic viscosity of the nanofluid, Nb – the Brown-
ian motion parameter, Nt – the thermophoresis parameter, Rex – the local Reynolds num-
ber based on the stretching velocity, Gr – the local thermal Grashof number, Gm – the local 
concentration Grashof number, R – the radiation parameter, Q – the heat generation param-
eter, γ – the chemical reaction parameter, and f, θ, f – the dimensionless stream functions, 
temperature, concentration, respectively. Here, βT and βC are proportional to x–3, that is 
βT = nx–3 and βC = n1x–3 where n and n1 are the constants of proportionality. The corresponding 
boundary conditions are:
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The skin friction coefficient, Cf, Nusselt number, and Sherwood number are important 
physical parameters given by:
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Homotopy analysis solution
 In order to solve eqs. (10)-(13) analytically using HAM, we express the solutions by 
the set of base functions as {ηkexp(–nη): k ≥ 0, n ≥ 0 are integers} in the form:
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where akm,n, bkm,n, ckm,n are the coefficients. Then from eqs. (10)-(13), it is a straightforward matter 
to choose, f0(η) = 1 – e–η, θ0(η) = e–η, ϕ0(η) = 1 – e– η, as our initial approximations for f(η), θ(η), 
and φ(η), respectively. The auxiliary linear operators are then chosen:
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where Ci (i = 1-7) are arbitrary constants. Let q∈[0,1] represent an embedding parameter and 
ћf, ћθ, and ћϕ denote the non-zero auxiliary linear operators and construct the following zeroth 
order deformation equations:
 ( ) ( )0 fˆ ˆ(1 ) ; ( ; )f fq L f q f q N f qη η η   − − =       (18)
 ( ) ( )0 ˆˆ ˆ(1 ) ; ( ; ), ( ; )q L q q N q f qθ θ θ θθ η θ η θ η η  − − =      (19) 
 0 ˆˆ ˆ(1 ) ( ; ) ( ) ( ; ), ( ; ) ,q L q q N q f qφ φ φφ η φ η θ η η  − − =       (20)
subject to the boundary conditions:
 ( ) ( ) ( )ˆ ˆ ˆ0; 0, 0; 1, ; 0,f q f q f q′ ′= = ∞ =     ( ) ( )ˆ ˆ0; 1, ; 0q qθ θ= ∞ =
 ( ) ( )ˆ ˆ0; 1, ; 0q qφ φ= ∞ =  (21)
where the non-linear operators are defined: 
 
( )ˆ ;fN f qη  
( ) ( ) ( ) ( )
( ) ( ) ( )
2
3 2
3 2
ˆ ˆ ˆ; ; ;2ˆ ;
1
ˆ ;2 ˆ ˆ; ;
1
f q f q f qm
f q
m
f q
q q M
m
η η η
η
ηη η
η
λθ η δφ η
η
  ∂ ∂ ∂ + − + 
 + ∂∂ ∂    = 
  ∂ + − −    + ∂   
 (22)
 
( ) ( )ˆˆ ; , ;N q f qθ θ η η  
( ) ( ) ( ) ( )
( ) ( ) ( ) ( )
2
2
2
ˆ ˆ; ;ˆ1 Pr ;
ˆ ˆ ˆ; ; ; ˆPr Pr Pr ;
q q
R f q
q q q
Nb Nt Q q
θ η θ η
η
ηη
θ η φ η θ η
θ η
η η η
 ∂ ∂
+ + +
∂∂
= 
 ∂ ∂ ∂+ + +  ∂ ∂ ∂  
 (23)
 ( ) ( )ˆˆ ; , ;N q f qφ φ η η  
( ) ( ) ( ) ( ) ( )
2 2
2 2
ˆ ˆ ˆ; ; ;ˆ ˆLe ; ;
q q qNt
f q q
Nb
φ η φ η θ η
η γ φ η
ηη η
∂ ∂ ∂  = + + −  ∂∂ ∂
 (24)
setting q = 0 and q = 1, we obtain from eqs. (18)-(21):
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and expanding ( )ˆ ;f q η ,  ( )ˆ ;qθ η ,  ( )ˆ ; ,qφ η   by means of Taylor’s theorem with respect to q, 
we obtain:
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The auxiliary parameters are properly chosen so that series (27) converge at q = 1 and 
thus:
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The resulting problems at the mth order deformation are:
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subject to boundary conditions:
 ( ) ( ) ( ) ( ) ( ) ( ) ( )0 0, 0 0, 0, 0 0, 0, 0 0, 0m m m m m m mf f f θ θ φ φ′ ′= = ∞ = = ∞ = = ∞ =  (32) 
The general solutions of eqs. (32)-(35) are expressed:
 ( ) ( ) ( ) ( )* 1 2 3exp expm mf f C C Cη η η η= + + + −
 ( ) ( ) ( ) ( )* 4 5exp expm m C Cθ η θ η η η= + + −   (33)
 ( ) ( ) ( ) ( )
*
6 7exp expm m C Cφ η φ η η η= + + −
where  f *m(η), θ*m(η), and ϕ*m(η) are the particular solutions and the constants are to be determined 
by the boundary condition at eq. (32). 
Convergence of the HAM
 The convergence of the series solution given by HAM depends strongly auxiliary 
parameters ћf, ћθ , and ћϕ. In order to choose appropriate values for these auxiliary parameters, 
the ћf, ћθ, and ћϕ curves are displayed at 20th order approximations as shown in fig. 1. It is clear 
from fig. 1 that the solution for velocity field converges for –1.45 ≤ ћf ≤ –0.3, the solution for the 
temperature profile converges for –1.3 ≤ ћθ ≤ –0.3, and the concentration distribution converge 
when –1.1 ≤ ћϕ ≤ –0.3.
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Results and discussion
Computations were carried out with 
HAM for several non-dimensional parameters. 
Convergence of the series solution up to 50th 
order of approximation is presented in tab. 1. It 
is clearly seen that the convergence is obtained 
after 25th order of approximation.
In order to validate the accuracy of 
the HAM technique, we have compared our 
HAM computation results of reduced Nusselt 
and Sherwood numbers with those available 
in open literature in tab. 2, which are in good 
agreement. The influence of the magnetic pa-
rameter on the velocity is shown in fig. 2(a). As 
the magnetic parameter increases, the velocity 
decreases. This is because, an application of the 
magnetic field within the boundary-layer pro-
duces a resistive type force known as Lorentz 
force which opposes the flow, and decelerate 
the fluid motion. The effect of the stretching 
parameter on the velocity is shown in fig. 2(b). 
It is found that, the velocity decreases as the 
stretching parameter increases.
Table 2. Comparison of reduced Nusselt and Sherwood numbers when  
Pr = Le = 10, λ = δ = γ = R = Q = 0, Pr = Le = 10
Parameters Khan and Pop [19] Anwar et al. [18] Poornima and Reddy [13] Present results
Nb Nt –θ′(0) –ϕ′(0) –θ′(0) –ϕ′(0) –θ′(0) –ϕ′(0) –θ′(0) –ϕ′(0)
0.1 0.1 0.9524 2.1294 0.9524 2.1294 0.952376 2.12939 0.952376 2.129388
0.2 0.2 0.3654 2.5152 0.3654 2.5152 0.365357 2.51522 0.365358 2.515217
0.3 0.3 0.1355 2.6088 0.1355 2.6088 0.135514 2.60881 0.135514 2.608812
0.4 0.4 0.0495 2.6038 0.0495 2.6038 0.049465 2.60384 0.049464 2.603839
0.5 0.5 0.0179 2.5731 0.0179 2.5731 0.017922 2.5731 0.017922 2.573099
 Figure 3(a) shows the effect of the ther-
mal buoyancy parameter on the velocity. Here, 
the positive buoyancy force acts like a favorable 
pressure gradient and hence accelerates the fluid 
in the boundary-layer. This results in higher ve-
locity as thermal buoyancy parameter, λ, increas-
es. The solute buoyancy parameter effect on the 
velocity is illustrated in fig. 3(b). It is noticed that 
as the solute buoyancy parameter increases, the 
velocity decreases. Figure 4(a) shows the effect 
of the radiation parameter on the dimensionless 
Table 1. Convergence of HAM solutions for 
different order of approximations when  
Pr = 1.6, Le = 2, m = 1, λ = δ = γ = M = Nb = 
= Nt = R = Q = 0.1, and ћf = ћθ = ћϕ = –0.5
Order of 
approximation
f''(0) – ϕ′(0) –θ′(0)
1 –1.0250 0.76500 0.69167
5 –1.0482 0.54770 0.65699
15 –1.0482 0.52810 0.70309
25 –1.0482 0.52833 0.70321
50 –1.0482 0.52833 0.70321
0.0
0.5
1.0
1.5
2.0                  1.5                  1.0                 0.5                  0.0
f’’(0)
θ’(0) ф‘(0)
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Figure 2. Effects of M and m on f′(η)
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velocity. It is observed that as the radiation pa-
rameter increases, the velocity increases. Fig-
ure 4(b) depicts the effect of the Prandtl number 
on the velocity. It is noticed that, an increase in 
the Prandtl number makes the fluid to be more 
viscous, which leads to decrease in the velocity. 
Figures 5(a) and 5(b) depict temperature pro-
file for magnetic field parameter and stretch-
ing parameter. It is observed that in both the 
cases an increase in magnetic field parameter 
or stretching parameter leads to increase in 
fluid temperature. The values of skin friction, 
Nusselt and Sherwood numbers 
for different values of parameters 
as illustrated in figs. 14-16 are dis-
played in tab. 3. The skin friction 
increases with M and decreases 
with R, Q (>0) and γ. Increase in M, 
γ, and Q (>0) decrease the Nu while 
an increase R and (Q < 0) will en-
hance the Nu. The Sh increases with 
Q (>0), γ but decreases with M and R. 
From the figs. 6(a) and (b), it is 
observed that the temperature along 
the surface decreases for the case 
of increasing buoyancy parameter 
but increases in the case of increase 
solute buoyancy parameter. The ef-
fect of the radiation parameter on 
the temperature is depicted in fig. 
7(a). It is seen that as the radiation 
parameter increases, temperature 
increases. Figure 7(b) shows the 
effect of the Prandtl number on the 
temperature. It is noticed that as the 
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Table 3. Values of Cf, Nu and Sh for different 
values of parameters when Pr = Le = 10, 
m = 2 and λ = δ = 1, Nb = Nt = 0.2
M R Q γ f″(0) –θ′(0) –ϕ′(0) 
0 0 0 0 – 1.042279 0.365079 2.502555
0.5 – 1.253209 0.361523 2.423311
1 – 1.434499 0.358418 2.355568
2 – 1.743398 0.352958 2.241402
1 0.2 – 1.431581 0.413446 2.303049
0.4 – 1.428145 0.454384 2.261974
0.8 – 1.420564 0.506944 2.204722
1 – 1.416649 0.523156 2.184950
0.5 –0.5 – 1.478308 1.096005 1.776694
–0.2 – 1.451132 0.745432 2.043642
0 – 1.426310 0.470676 2.244941
0.2 – 1.391330 0.136955 2.478538
0.5 – 1.282866 – 0.69288 3.004728
0.1 0.1 – 1.409642 0.312585 2.385089
0.3 – 1.407889 0.310428 2.441311
0.5 – 1.406205 0.308369 2.496057
1 – 1.402273 0.303606 2.627032
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Prandtl number increases, the temperature decreases. This is due to the fact that for smaller 
values of Prandtl number are equivalent to larger values of thermal conductivities and therefore 
heat is able to diffuse away from the stretching sheet.
 The temperature profiles for various values of heat source parameter are shown in fig. 
8(a). In fig. 8(a) it is identified that the temperature increases, as the heat source parameter in-
creases. Figure 8(b) is graphical representation of temperature distributions for different values 
of the chemical reaction parameter. It is seen that the concentration of the fluid decreases with 
increase of chemical reaction parameter. The influence of the Brownian motion parameter and 
thermophoresis parameters are illustrated in figs. 9(a) and (b). It is clear that the temperature 
decreases, as the Brownian motion parameter increases, while temperature increases as the 
thermophoresis parameter increases. 
The concentration profiles for different 
values of the magnetic field parameter and 
stretching parameter are shown in figs. 10(a) 
and (b), respectively. It is found that the con-
centration of the flow field increases as the mag-
netic field parameter or stretching parameter in-
creases. The influences of the thermal and solute 
buoyancy parameters on the concentration field 
area shown in figs. 11(a) and (b), respectively. 
It is noticed that the concentration decreases as 
the thermal buoyancy parameter increases, but 
concentration increase with an increase of sol-
Figure 6. Effects of λ and δ on θ(η)
Figure 8. Effects of Q and γ on θ(η)
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Figure 10. Effects of M and m on ϕ(η)
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ute buoyancy parameter. Figure 12(a) shows the effect of the Brownian motion parameter on the 
concentration profiles. It is observed that as Brownian motion parameter increases, the concentra-
tion decreases. The effect of the thermophoresis parameter on the concentration of the flow field is 
presented in fig. 12(b). We notice that the concentration increases as the thermophoresis parameter 
increases. The concentration profiles for different values of the chemical reaction parameter and 
Lewis number are shown in figs. 13(a) and (b), respectively. It is found that the concentration of 
the flow field decreases as the chemical reaction parameter and Lewis number increases.
The effects of various physical parameters on skin friction coefficient, Nusselt num-
ber, and Sherwood number are shown in figs. 14-16. The skin friction coefficient increases 
with an increase magnetic field intensity but decreases with a combined increase in radiation 
parameter, heat source parameter, and chemical reaction. This may be attributed to an increase 
or decrease in the velocity gradient at the sheet surface as the parameter varies. The Nusselt 
number decreases with an increase in magnetic field, heat source and chemical reaction, while 
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an increase with heat sink and thermal radiation will enhance Nusselt number. It is interesting, 
to note that buoyancy parameter enhances both the heat and mass transfer rate at the sheet sur-
face. Moreover, the Sherwood number increases with an increase in chemical reaction and heat 
source but decreases with an increase in magnetic field and thermal radiation.
Conclusions
In this paper, we have analyzed theoretically the effects of thermal radiation, chemical 
reaction on steady MHD heat and mass transfer flow of nanofluids over a non-linear stretching 
sheet with heat source. The transformed two-point non-linear boundary value problem has been 
solved with HAM. Good agreement of HAM solution is observed with those obtained by nu-
merical methods. The present solutions have shown that the velocity decreases and temperature 
increases with magnetic field parameter. A rise in the radiation parameter raises the temperature 
as well as rate of heat transfer and the presence of radiation radiates the heat energy away from 
the fluid. It is the nanofluids property to enhance the thermal conductivity. There is a rise in the 
temperature with an increase in the heat generation, stretching parameters and solute buoyancy 
force and a fall with an increase in thermal buoyancy parameter and Prandtl number. Species 
concentration increases within the magnetic field, stretching parameter while the concentra-
tion decreases for an increase in the values of Lewis number, chemical reaction parameter, 
and Brownian motion parameter. Skin friction coefficient increases with an increase in the 
magnetic parameter and decreases with an increase in the radiation parameter. The increase in 
chemical reaction parameter decreases the dimensionless concentration in the concentration 
boundary-layer. Thus mass transfer rate increases with chemical reaction parameter. 
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